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In this paper we consider the one-dimensional convection (advection) dispersion equation of the transport theory of
heterogeneous reacting solutes in porous media. A wavelet solution is in the framework of multi{resolution analysis.
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INTRODUCTION
The transport theory of reacting solutes in a porous
medium is considered under the hypotheses that the
motion of solute transport is unidirectional, isother-
mal and devoid of instabilities; it takes place in a
heterogeneous porous medium and the content, the
density and the viscosity of the water in the medi-
um are constant during the process. Since we are
mainly interested in the chemical reaction equations
we assume that the physical parameters dening the
medium are unaected by the transport, leaving the
size of the pores, their distribution in the solid (and
so on) unchanged. The chemical species dening the
solid are at rest (while the chemical species den-
ing the solute are mobile) in the medium, so that
the mathematical model of the transport solution un-
der chemical reactions (source-free) is the following
algebraic-dierential system [6](; D;Q constants)
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also called the convection-dispersion system. Sys-
tem (1) is a dierential and algebraic system in the
unknown #P functions c
i
(x; t), #P being the num-
ber of tenads [?] involved in the chemical reaction.
The algebraic equations (1)
3
express the relationships
among concentrations of reaction participants, to be
fullled irrespective of the contributions of the in-
dividual processes (both chemical and/or physical)
inuencing the concentrations c
i
.
1. ONE DIMENSIONALSOLUTETRANSPORT
EQUATION
In a one-dimensional domain 
  R let x be
the coordinate, I a nite interval of time t, (I
def
=
ft : 0 < t < T; T <1g). We consider a sucient-
ly fast and reversible reaction of heterogeneous type
[6],where the medium's original solution consists of
two reacting cations M
1
;M
3
in equilibrium with a
cation exchanger
1
M
e
. The displacing solution con-
tains a reacting cation M
1
and a non{reacting anion
M
2
. The transport aecting reaction is represent-
ed by the chemical reactions (for binary cation ex-
change)
M
1
+M
3
M
e
*
)
M
3
+M
1
M
e
:
There are four tenads in the system, three reacting
M
1
;M
3
;M
e
and one chemical non{reacting species
M
2
. The basic equations (1) for the concentrations
1
Dissolved in water and solid phase transport participants
are given symbolsM andM , respectively.
c
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with K
13
a given constant. The e subscript, repre-
senting

M
e
, has been dropped from the c functions,
for them  is the anologous of  and represents the
porous medium's bulk density (mass of the medium's
solids/the medium's volume). In the heterogeneous
reactions both the liquid and solid phases are involved
in the tenads. From (2)
4
we get
c
1
+ c
3
= c (3)
since the exchange capacity does not vary with x.
Then it follows:

@
@t
(c
1
+ c
3
) = L (c
1
+ c
3
)
that, with the change of variable u = c
1
+c
3
, becomes
the linear equation

@u
@t
= Lu;
whose solution can be expressed in terms of wavelets
[2].Deriving the condition (2)
5
with respect to t and
taking into account equation (3) we obtain from (2)
1;4
the following nonlinear system [6]:
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from which we obtain the non-linear equation
a
@g
@t
= gLg; L
def
= D
@
2
@x
2
 Q
@
@x
with a suitable constant a. In particular, we restrict
ourselves to the following one-dimensional initial-
boundary problem:
@g
@t
= gLg; L
def
= D
@
2
@x
2
  Q
@
@x
; (a = 1)
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u(x; 0) = u
B
(x); 0  x  1; t = 0;
u(0; t) = 0; x = 0; t > 0;
u(1; t) = 0; x = 1; t > 0
(4)
and we assume as the initial function
u
B
(x) =
8
<
:
1; x 2 
1
;
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 1
;
0; x 62 
1
[ 
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;
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1
def
= fx : 0 < x
0
 x  x
1
< 1g

 1
def
= fx : 0 < x
1
 x  x
2
< 1g
(5)
which corresponds to the realistic case of an impulse
function when jx
2
  x
0
j ! 0.
2. MULTI{RESOLUTION ANALYSIS IN HAAR
BASIS
The Haar scaling function 
n
k
(x)
def
= 2
n=2
(2
n
x k)
has a compact support on the dyadic interval
D
n
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=

k
2
n
;
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2
n

;
where its value is 1. The Haar family of wavelets
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is a complete orthonormal system for the L
2
(R) func-
tions [5]
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Let V
n
; n 2 Z be the subspace of L
2
(R) dened as
the set of the piecewise constant functions f(x) of
compact support on D
n
k
( n xed) , and W
n
the
orthogonal subspace such that the axioms of multi{
resolution (or multiscale) analysis [4, 5]are fullled,
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(8)
being  the direct sum of orthogonal spaces. The set
of functions f	
n
k
g (n 2 Z) represents an orthonormal
basis for L
2
(R).
Fixing the resolution value N < 1, in (8), the
L
2
(R) space is approximated by L
2
(R)

=
N
M
n=0
W
n
;
that is,
f(x)

=

N+1
f(x)
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0
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+
N
X
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n
X
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n
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n
k
(x); (9)
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¨á. 1. Haar-wavelet representation of the wave solution
being 
n
a projection operator into V
n+1
, so that

n
: L
2
(R)! V
n+1
.
Choosing a number of dyadic nodes
x
k
def
=
k
2
n
; (k = 0; : : : ; 2
n
  1) the dyadic discretiza-
tion is the operator r
n
: L
2
(R)! L
2
(Z(2
 n
)), with
L
2
(Z(2
 n
))  L
2
(R) being the set of L
2
(R) func-
tions sampled at x
k
. The action ofr
n
on f(x) is such
that r
n
f(x) = f
n
with f
n
= ff
0
; f
1
; : : : ; f
2
n
 1
g and
n
f
k
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= f(x) j
x=x
k
; 0  k  2
n
  1
o
. The fast Haar-
wavelet transform H of f
N
is the linear operator [1,
4]
H : L
2
(Z(2
 n
))! V
n
j f
N
7! Hf
N
=
=


0
0
; 
n
k

n=0;:::;2
N
 1
k=0;:::;n
;
(10)
where 
0
0
; 
n
k
are the wavelet coecients.
According to the above denitions, the projection
operator 
n
: L
2
(R) ! V
n+1
is factorized as 
n
=
Hr
n
.
A p-order Cardinal spline, is a C
p 1
([0; 1)) dier-
entiable operator
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such that for the dierential operator
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)

! L
2
 
Z(2
 N
)

it is
LH = HLS
p
: (11)
There follows that, given the set f
N
and computed
the spline of a suciently large order, the spline{
derivative of Hf
N
belongs to the same space of f
N
[1, 4].
According to the above, using splines and wavelets
up to the resolution N , the approximate solution of
the equation (4)is the vector u
N
(2 V
N+1
), i.e. as-
suming the Euler formula for the time-derivative

N
@u
@t
=
u
N+1
  u
N+1
t
we have from (4)
u
N+1
= u
N
+tL
 
Hu
N

and, according to (11)
u
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=
 
1 + tHLS
p

u
N
: (12)
With the boundary condition (5),time step t =
0:01, and assuming in (4)
1
Q = D = 1 and in
(5)x
0
=
1
4
; x
1
=
3
8
; x
2
=
1
2
, after 3 time steps
(t = 0:05) we obtain the evolving function of Fig.
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